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Abstract
Four well-resolved LESs of the turbulent bound-
ary layers around a NACA4412 wing section, with
Rec ranging from 100, 000 to 1, 000, 000, were per-
formed at 5◦ angle of attack. By comparing the tur-
bulence statistics with those in ZPG TBLs at approx-
imately matching Reτ , we find that the effect of the
adverse pressure gradient (APG) is more intense at
lower Reynolds numbers. This indicates that at low
Re the outer region of the TBL becomes more ener-
gized through the wall-normal convection associated
to the APG. This is also reflected in the fact that the
inner-scaled wall-normal velocity is larger on the suc-
tion side at lower Reynolds numbers. In particular, the
wing cases at Rec = 200, 000 and 400, 000 exhibit
wall-normal velocities 40% and 20% larger, respec-
tively, than the case with Rec = 1, 000, 000. Conse-
quently, the outer-region energizing mechanism asso-
ciated to the APG is complementary to that present in
high-Re TBLs.
1 Introduction
Turbulent boundary layers (TBLs) subjected to ad-
verse pressure gradients (APGs) are relevant for a wide
range of industrial applications from diffusers to tur-
bines and wings, and pose a number of open ques-
tions regarding their structure and underlying dynam-
ics. The challenges of performing well-resolved simu-
lations of APG TBLs, especially regarding the bound-
ary conditions, were addressed by Spalart and Wat-
muff (1993). Moreover, as summarized by Monty et
al. (2011), a number of parameters can be used to
quantify the magnitude of APGs, a fact that raises se-
rious difficulties when comparing databases from var-
ious experimental and numerical sources. In partic-
ular, Bobke et al. (2017) used the Clauser pressure-
gradient parameter β = δ∗/τwdPe/dx (where δ∗ is
the displacement thickness, τw the wall-shear stress
and dPe/dx the streamwise pressure gradient) to in-
vestigate the effect of flow history, i.e. the impact of
the β(x) curve on the local features of APG TBLs.
They also highlighted the importance of defining cases
subjected to a constant value of β, as also done numer-
ically by Kitsios et al. (2016), experimentally by Ska˚re
and Krogstad (1994), and also in the context of the
theory by Mellor and Gibson (1966). Another related
work is the study by Vinuesa et al. (2017), in which
the skin-friction curves of various APG TBLs sub-
jected to different β(x) trends were predicted in terms
of zero-pressure-gradient (ZPG) data and the averaged
pressure-gradient magnitude β. The aim of the present
work is to assess the effect of the Reynolds number
Re on four APG TBLs subjected to approximately the
same β(x) distribution. In particular, we consider the
turbulent flow around a NACA4412 wing section at
four Reynolds numbers based on inflow velocity U∞
and chord length c, ranging from Rec = 100, 000
to 1, 000, 000. Additional information regarding this
database can be found in Vinuesa et al. (2018). As dis-
cussed by Pinkerton (1938), the NACA4412 wing sec-
tion is characterized by exhibiting a pressure-gradient
distribution essentially independent of Re at moderate
angles of attack, a fact that makes this particular airfoil
a suitable candidate to study Reynolds-number effects
on TBLs given a particular pressure-gradient history.
2 Computational setup
Well-resolved large-eddy simulations (LESs) of
the turbulent flow around a NACA4412 wing section at
various Reynolds numbers were carried out using the
spectral-element code Nek5000 (Fischer et al., 2008).
Additional details regarding the implementation of the
spectral-element method (Patera, 1984) in Nek5000
are provided by Deville et al. (2002). A total of four
Reynolds numbers, namelyRec = 100, 000, 200, 000,
400, 000 and 1, 000, 000 (all of them at 5◦ angle of at-
tack) is considered in the present study. The highest-
Re case is simulated on a computational domain de-
fined by a C-mesh, with streamwise, vertical and span-
wise lengths of Lx/c = 6, Ly/c = 2 and Lz/c = 0.2.
A precursor RANS simulation of the same geometry
was carried out with the k−ω SST model, and this so-
lution was used as a boundary condition in all bound-
aries except the outflow (in which a stabilized stress-
free condition was employed). Although we observed
that forLy/c ≥ 2 the solution becomes independent of
Ly , we are currently working on non-conformal mesh-
ing strategies that will allow us to consider larger do-
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mains without the Dirichlet boundary condition from
the RANS simulation (Offermans, 2017). Periodicity
was imposed in the spanwise direction. The resolution
in the Rec = 1, 000, 000 case follows these guidelines
around the wing section: ∆x+ < 27, ∆y+w < 0.96
(spacing of the first grid point in the wall-normal di-
rection) and ∆z+ < 13.5 (where the superscript ‘+’
denotes viscous scaling in terms of the friction ve-
locity uτ and the viscous length `∗ = ν/uτ ). An
additional condition based on the Kolmogorov scale
η =
(
ν3/ε
)1/4
, where ε is the local isotropic dissi-
pation, was defined for the wake: ∆x/η < 13.5. A
total of 4.5 million spectral elements was used to dis-
cretize the domain with a polynomial order N = 7,
which amounts to a total of 2.28 billion grid points.
In Figure 1 (top) we show a two-dimensional slice of
the spectral-element mesh used to discretize this case.
The numerical setup is similar to the one employed
in the direct numerical simulation (DNS) by Vinuesa
et al. (2017) at Rec = 400, 000, and the relaxation-
term (RT) filter approach by Schlatter et al. (2004)
was used to perform the LES. Note that the RT filter
implemented in Nek5000 was thoroughly validated by
Negi et al. (2018) using the DNS at Rec = 400, 000
as a benchmark. An excellent agreement in mean flow,
Reynolds-stress tensor and turbulent kinetic energy
(TKE) budgets around the wing was reported. An in-
stantaneous visualization of the flow around the wing
section in the Rec = 1, 000, 000 case is shown in Fig-
ure 1 (bottom), where the level of detail achieved in
the simulation can be observed.
3 Results
In Figure 2, the streamwise evolution of the
Clauser pressure-gradient parameter β is shown on
the suctions side (denoted by ss) for the four wing
cases under consideration. It can be observed that for
Rec ≥ 200, 000 the β(x) curves are approximately the
same with only small relative differences (of around
10%) beyond xss/c ' 0.9. This observation is in
agreement with Pinkerton (1938). The different be-
havior observed atRec = 100, 000 is associated to the
very low Reynolds number combined with the strong
APG conditions. Thus, these simulations allow us to
study the impact of Re on three APG TBLs with ap-
proximately the same pressure-gradient history. As
discussed by Bobke et al. (2017), the state of a TBL
is not uniquely determined by the APG magnitude,
but rather by the accumulated pressure-gradient ef-
fect, i.e., by the β(x) curve. Streamwise APGs lead
to an increased wall-normal convection, a fact that in-
creases the boundary-layer thickness and produces a
more prominent outer region. This leads to more en-
ergetic large-scale motions, and to reduced wall-shear
stress. One of the goals of this study is to assess the ef-
fect of APG and ofRe on the outer region of the TBLs,
and to try to identify their complementing energizing
Figure 1: (Top) Two-dimensional slice of the spectral-
element mesh used in the Rec = 1, 000, 000 case,
including the indvidual Gauss–Lobatto–Legendre
(GLL) points inside the elements. (Bottom) In-
stantaneous visualization of the coherent vortical
structures identified with the λ2 method in the
highest-Re case. The structures are colored by
their streamwise velocity, where dark blue denotes
−0.1 and dark blue 2. A portion of the spectral-
element mesh (without GLL points) is also shown.
effects on the large-scale motions.
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Figure 2: Streamwise evolution of β on the suction side of
the four wings, where: (◦) Rec = 100, 000, (◦)
Rec = 200, 000, (◦) Rec = 400, 000 and (◦)
Rec = 1, 000, 000.
The inner-scaled mean velocity profile at xss/c =
0.6 is compared among the four wing cases, and with
ZPG TBL results from DNS (Schlatter and O¨rlu¨, 2010)
at approximately matching Reτ (which is the friction
Reynolds number, defined in terms of the friction ve-
locity uτ and the 99% boundary-layer thickness δ99),
in Figure 3 (top). The value of δ99 is calculated follow-
ing the method by Vinuesa et al. (2016). This figure
shows the effect of the moderate local APG, given by
β ' 1.3 (for Rec ≥ 200, 000), which produces larger
values of the inner-scaled edge velocityU+e (i.e., lower
skin friction) and reduced inner-scaled mean veloci-
ties in the buffer region with respect to the correspond-
ing ZPG cases. The integral parameters of the various
wing cases and the corresponding ZPG TBLs are re-
ported in Table 1. The values of Reτ are 209, 329 and
and 600 for the wings atRec = 200, 000, 400, 000 and
1, 000, 000, respectively. The friction Reynolds num-
bers in the corresponding ZPG cases are very close,
although for instance the value of Reτ closest to that
in the Rec = 200, 000 case was somewhat higher:
252. The APG increases the boundary-layer thickness
through wall-normal convection, a fact that is mani-
fested in the larger values of Reθ (Reynolds number
based on momentum thickness) with respect to the
ZPG profiles at matched Reτ . This is also reflected
in the larger values of the shape factor H = δ∗/θ
(which is the ratio of the displacement and the momen-
tum thicknesses), which are due to the boundary-layer
thickening associated to the APG. This thickening is
connected to a lower velocity gradient at the wall, i.e.
a reduced wall-shear stress, which is consistent with
the lower skin-friction coefficients Cf = 2 (uτ/Ue)
2
observed in the wing profiles at xss/c = 0.6. It is
possible to further quantify the effect of the APG by
comparing the difference between some of these inte-
gral parameters in the wing and in the ZPG at approx-
imately the same Reτ . In this study, we consider the
parameter ΦU+e , which is defined as the ratio between
the U+e from the TBL on the wing at a certainRec and
xss, divided by the same quantity in a ZPG TBL with
the same Reτ . Since one of the effects of the APG
is to increase U+e , the value of ΦU+e should in princi-
ple be larger than 1 in APGs. In Figure 3 (middle) we
show the evolution of ΦU+e at xss/c = 0.6 as a func-
tion of Rec, in the three wing cases for which we have
matched-Reτ ZPGs, namely from Rec = 200, 000 to
1, 000, 000. Not only this quantity is larger than 1 over
the whole Re range, but it shows a decreasing trend
with increasing Reynolds number, from a maximum
value of around 1.15 at Rec = 200, 000 to a value
of 1.13 at Rec = 1, 000, 000. Note that the value
at Rec = 400, 000 is only slightly below the one at
Rec = 200, 000, which is connected to the fact that
the Reτ from ZPG is slightly larger than that in the
wing in this case. In any case, the decreasing trend
with Rec is also observed at xss/c = 0.4 and 0.7,
as also shown in Figure 3 (middle). This is notewor-
thy since it suggests that the effect of the APG, given
approximately the same β(x) curve, is more intense
at lower Reynolds numbers. In Figure 3 (bottom) we
show another indicator, namely the ratio between the
shape factor in the wing and in a ZPG at matchedReτ ,
which we denote by ΦH . This quantity is also larger in
APGs than in ZPGs, due to the fact that the streamwise
deceleration of the TBL increases the boundary-layer
thickness, as discussed above. Furthermore, this quan-
tity also decreases withRe at xss/c = 0.6, with values
ranging from 1.14 to 1.09. This behavior is also con-
sistent with the trend observed for xss/c = 0.4 and
0.7. It can be therefore concluded that APG effects
on the mean flow appear to be stronger in lower-Re
TBLs, an observation also made in the recent experi-
mental study by Sanmiguel Vila et al. (2017).
Further insight regarding the APG effects (given
the same streamwise flow history) on TBLs at vari-
ousRe can be gained by analyzing some componets of
the Reynolds-stress tensor. In particular, we focus on
the inner-scaled tangential velocity fluctuations u2t
+
and the Reynolds-shear stress utvn+. These quanti-
ties are shown in Figure 4 (top) for the four wing cases
at xss/c = 0.6, together with the corresponding ZPG
cases at matched Reτ as summarized in Table 1. In
this figure all the quantities are expressed in terms of
the local directions tangential (t) and normal (n) to the
wing surface. As discussed for instance by Harun et
al. (2013), the APG leads to more energetic large-scale
motions, which produce larger energy concentration
in the TBL outer region. This is associated with the
emergence of an outer peak in the stremawise velocity
fluctuation profile, for large enough values of β. Harun
et al. (2013) also showed that the larger energy con-
centration in the outer region for APGs is not a con-
sequence of the inner scaling, since the outer-scaled
streamwise velocity fluctuation profiles also show an
increasing outer peak for higher β (and although the
near-wall peak increases in inner scaling with β, it
actually decreases when scaled in outer units). This
observation suggests that the large-scale motions in-
duced by the APG may be different from those arising
in high-Re ZPG TBLs. On the one hand, they appear
to be more energetic, and on the other hand they are
larger in y and more inclined with respect to the wall,
as reported by Maciel et al. (2017) in their numerical
work on APG TBLs. Note that they identified three-
dimensional coherent structures in the instantaneous
fields corresponding to intense Reynolds-shear events
and reported the probability density function of their
sizes. Figure 4 (top) clearly reflects the larger energy
accumulation in the outer region of the APG TBLs,
both in the tangential velocity fluctuations and in the
Reynolds-shear stresses. Interestingly, the difference
between the values in the outer region of both pro-
files and the corresponding ZPG data at matched Reτ
also appears to become smaller as Re is increased. As
done before for the mean flow, we define the variable
Φ
u2t
+ , which is the ratio between the tangential ve-
locity fluctuations in the wing at a wall-normal dis-
tance of yn/δ99 ' 0.2, and those in the ZPG TBL
at matched Reτ . This wall-normal location is chosen
Parameter W1 W2 W4 W10 ZPG2 ZPG4 ZPG10
β 2.1 1.4 1.3 1.1 ' 0 ' 0 ' 0
Reτ 120 209 329 600 252 359 671
Reθ 445 727 1, 208 2, 350 678 1, 007 2, 001
Cf 3.7× 10−3 3.6× 10−3 3.3× 10−3 2.8× 10−3 4.8× 10−3 4.3× 10−3 3.5× 10−3
H 1.90 1.68 1.63 1.54 1.47 1.45 1.41
Table 1: Boundary-layer parameters at xss/c = 0.6 for the four cases (denoted by W1–W10 for increasing Rec). ZPG2, ZP4
and ZPG10 denote the DNS ZPG TBL case (Schlatter and O¨rlu¨, 2010) approximately matching the Reτ of the W2,
W4 and W10 wing cases, respectively.
because it approximately defines the end of the over-
lap region in the current Reynolds-number range. Fig-
ure 4 (middle) shows the evolution with Rec of Φu2t
+ ,
which is also decreasing, and ranges from around 1.67
at Rec = 200, 000 to 1.36 at Rec = 1, 000, 000. The
evolution observed at xss/c = 0.6 is consistent with
the curves for xss/c = 0.4 and 0.7, in agreement with
the mean-flow ratios discussed in Figure 3. More-
over, an analogous ratio, Φutvn+ , is defined for the
Reynolds-shear stress and is shown for the same pro-
files in Figure 4 (bottom). This quantity also shows a
decreasing trend withRe. These are all consistent with
the statement that APG effects are stronger at lower
Re, whereas at higher Reynolds number the relative
effect with respect to a ZPG TBL is smaller.
The results above show that the mechanisms pro-
ducing a more energetic outer region in APG TBLs
are complementary to those present in high-Re ZPG
TBLs. Moreover, the large-scale motions resulting
from increases either in β and in Re are different, as
also indicated by Maciel et al. (2017). It is interesting
to note that the discrepancy between APG and ZPG
TBLs, for profiles with the same range of scales (i.e.,
at the same Reτ ), decreases with increasing Reynolds
number. This shows that low-Re TBLs are more sen-
sitive to the effect of APGs, namely the increase in
wall-normal convection and the reduction of mean ve-
locity gradient at the wall. An additional indication of
this effect can be observed in Figure 5, which shows
the ratio ΦPk as a function of Rec at the three previ-
ous streamwise locations, namely xss/c = 0.4, 0.6
and 0.7. This ratio is defined similarly to the ones
discussed above, and in this case we show the TKE
production Pk at yn/δ99 ' 0.2. This ratio exhibits a
trend consistent with the ones observed in Figures 3
and 4, and shows that the outer-region production is
larger at low Reynolds numbers, and decreases with
Re. This observation is connected to the higher sensi-
tivity to APG effects observed at low Reynolds num-
bers, which in turn is consistent with the differences
in the large-scale motions present in APGs. In par-
ticular, the ratio ΦPk decreases from around 2.47 at
Rec = 200, 000 to 1.69 at Rec = 1, 000, 000, for
xss/c = 0.6.
One explanation for the higher sensitivity to APGs
at low Re can be obtained from the wall-normal con-
vection: larger wall-normal velocities produce a more
prominent development of the outer region, therefore
promoting the development of very energetic large-
scale motions. Figure 6 shows the streamwise evo-
lution, on the suction side, of the inner-scaled wall-
normal velocity at the boundary-layer edge, for the
four simulations. The boundary-layer edge is a sen-
sitive quantity, and the problematic associated to its
determination in PG TBLs is discussed by Vinuesa et
al. (2016) and Coleman et al. (2018); this sensitivity is
reflected in the shape of the curves. This figure shows
that the wall-normal velocity is higher, throughout the
whole suction side, at lower Reynolds numbers. In
particular, the V +e values are, on average, around 40%
larger at Rec = 200, 000 than in the highest-Re wing
case. Regarding the simulation at Rec = 400, 000,
the inner-scaled wall-normal velocity is around 20%
larger than at Rec = 1, 000, 000. This again supports
the statement that APG effects are stronger at low Re,
which in turn produce a more energetic outer region
compared with that at higher Re.
4 Conclusions
The present contribution summarizes the results
of four well-resolved LESs of the flow around a
NACA4412 wing section, with Rec ranging from
100, 000 to 1, 000, 000, all of them at 5◦ angle of
attack. We compare the turbulence statistics on the
suction side, with focus on the profiles at xss/c =
0.6, with ZPG TBL results at approximately match-
ing Reτ . We quantified the difference between a par-
ticular wing case and the corresponding ZPG with
matched Reτ through ratios of U+e and H (to char-
acterize mean flow quantities), and of u2t
+
and utvn+
at yn/δ99 ' 0.2 (to analyze some components of the
Reynolds stresses in the outer region). All these ratios
are larger than 1, which is consistent with the effect
of a streamwise adverse pressure gradient. Interest-
ingly, these ratios show a decreasing trend withRe, in-
dicating that the APG effects are more intense at lower
Reynolds numbers, in particular when it comes to en-
ergizing the outer region. The APG increases the wall-
normal convection, which results in a thicker bound-
ary layer and a larger outer region. This allows the
development of more energetic large-scale motions,
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Figure 3: (Top) Inner-scaled tangential mean velocity pro-
files at xss/c = 0.6 for the four wing cases under
study. Colors as in Figure 2, and denotes
ZPG TBL data at matchingReτ . The matchedU+t
profiles for W10 and ZPG10 are denoted by (),
for W4 and ZPG4 by (•) and for W2 and ZPG2
by (). (Middle) Ratio of U+e and (bottom) H be-
tween wing and ZPG at matchingReτ , where (),
() and () denote ratios at xss/c = 0.4, 0.6 and
0.7, respectively.
and constitutes a mechanism different, although com-
plementary to, that present at high-Re TBLs. This
conclusion is supported by the evolution of the inner-
scaled wall-normal velocity, which also decrease with
Reynolds numbers, and further indicates that the outer-
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Figure 4: (Top) Inner-scaled tangential velocity fluctuations
and Reynolds-shar stress at xss/c = 0.6 for the
four wing cases under study. (Middle) Ratio of
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at yn/δ99 ' 0.2 for matching Reτ . Legend as in
Figure 3.
region energy responds differently to APGs with vary-
ing Reynolds number.
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